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1. INTRODUCTION AND MAIN RESULT
w xIn AB0, AB1 Ashbaugh and Benguria proved the Payne]Polya]Â
w xWeinberger Conjecture PPW on the ratio of the first two eigenvalues
l - l for yD with the Dirichlet boundary condition on a bounded1 2
domain V g Rn,
l lo2 2F ,ol l1 1
where lo, j s 1, 2, is the first two eigenvalues for the n-dimensional ball Bj
< < < <with B s V . Moreover, they proved that the equality occurs if and only
if V is a ball.
In this paper, inspired by their work, we consider the ratio of the first
two eigenvalues of perturbed harmonic oscillators:
< < 2 2 nHu ' yDu q x u q q x u s lu in L R , n G 1, 1 .  .  .
and show that it is less than that of the harmonic oscillator under the
 .  .following assumptions, H.1 and H.2 , on perturbed potentials q.
 . < < 2  < <.H.1 q G 0 is smooth, radially symmetric and x q q x is nonde-
< <creasing in r s x ;
 .  .H.2 q9 r F 0.
 .It is well known that the Schrodinger operator H s yD q V x hasÈ
discrete spectrum l - l F l F ??? ª q` under the assumption1 2 3
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0022-247Xr96 $18.00
Copyright Q 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
KAZUHIRO KURATA228
 .  < < 2  .. < <V x ' x q q x ª ` as x ª `. Let l - l be the first two eigen-1 2
values of the perturbed harmonic oscillator and let lo - lo be those of1 2
the harmonic oscillator, i.e., q ' 0.
 .  .THEOREM 1. Assume H.1 and H.2 . Then the inequality
l lo 22 2F s 1 q 2 .ol l n1 1
holds, and the equality occurs if and only if q ' 0.
 .  . < < 2Remark 1. Under the general assumption V x G 0, V x s x q
 . < <q x ª ` as x ª `, it is known that
l 4kq1 F 1 q
l nk
for every k s 1, 2, . . . . Moreover, it is known that a universal inequality
k4
l y l F lkq1 k jnk js1
w xholds. See, e.g., PPW, Al, Ha .
2  .  .Remark 2. The monotonicity assumption on r q q r in H.1 can
probably be removed because the first eigenfunction would be radially
symmetric for radially symmetric potentials also.
Remark 3. The following observation is due to Professor A. Iwatsuka.
There exists an obstruction to decrease the ratio of consecutive eigenval-
< < 2  .  .ues for positive perturbations. Let H s yD q x q tq x , q x G 0, andt
 . w .E t be the jth eigenvalue of the operator H with parameter t g 0, 1 .j t
 .Under non-degenerate situations e.g., the one-dimensional case , we have
dE t .j 2< s q x ¨ x dx , j s 1, 2, . . . , 3 .  .  .ts0 H jdt
 w x.where ¨ is the jth eigenfunction for H see RS . Hencej 0
d E t .2 F 0 4 . /dt E t .1 ts0
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is equivalent to
E22 2q ¨ y ¨ dx F 0. 5 .H 2 1 /E1
 .Since ¨ are known explicitly, it is easy to check that H.2 is stronger thanj
 .  . < < 4  .the condition 5 and q x s x does not satisfy 5 . For general j, this
argument yields
d E t .jq1
< F 0 6 .ts0 /dt E t .j
if and only if
Ejq12 2q ¨ y ¨ dx F 0 7 .H jq1 j /Ej
for the one-dimensional case.
w xRemark 4. In AB2 they also remarked on the ratio l rl for the2 1
 . < <problem on the real line with V x ª ` as x ª `. In particular, they
showed l rl F 4 for the one-dimensional case. Note that for the har-2 1
monic oscillator l rl s 3.2 1
2. PROOF OF THEOREM
We prove Theorem 1 from the following two lemmas. Let u be the first1
eigenfunction to the perturbed harmonic oscillator. It is also well known
<  . <that u does not change sign, smooth, and decay rapidly, that is, u x F1 1
1 2 < < < <.C exp y x q C x for some constant C ) 0. We may assume u is a12
positive function on the whole domain.
 .LEMMA 1. Assume H.1 . Then u is radially symmetric, decreasing, and1
satisfies
nH n u2 dxR 1
l y l F . 8 .2 1 2 2< <nH x u dxR 1
 .   . < < 2 .By using U x s exp y l r2n x we have the following key lemma.1
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 .  .LEMMA 2. Assume H.1 and H.2 . Then
H n u2 dx H n U 2 dxR 1 RF 9 .2 22 2< < < <n nH x u dx H x U dxR 1 R
holds and the equality occurs if and only if q ' 0.
The proof of these lemmas will be given in the next section.
< < 2 2Proof of Theorem 1. Combining Lemma 1, 2 and H x U dx s
 2 . 2n r2l H U dx, we have1
H n U 2 dx 2l 2lR 1 1
l y l F n s n s . 10 .2 1 2 22 n< < nnH x U dxR
Hence we obtain the desired estimate,
l 2 lo2 2F 1 q s , 11 .o /l n l1 1
because of lo s n, lo s n q 2. The last statement of Theorem 1 follows1 2
from Lemma 2.
 .  .Remark 5. Under general perturbed potentials q x satisfying q x s
 < < 2 . < <o x as x ª `, we can show
nH n u2 dx nH n x u2 dxR 1 R i 1
l y l F , a s , 1 F i F n.2 1 i2 22
n< < H u dxnH x y a u dx R 1R 1
By using the rearrangement of uU , we also obtain1
2U2
n nH u dx H u dx .R 1 R 1F .2 22 U2< < < <nH x y a u dx nH x y a u dx .R 1 R 1
However, we do not know whether the following inequality holds or not
under suitable assumptions:
2U 2
n nH u dx H U dx .R 1 R aF ,2 22 U 2< << < nH x y a U dxnH x y a u dx . R aR 1
  . < < 2 .where U s exp y l r2n x y a . It seems that this corresponds toa 1
Chiti's comparison result which was one of the key estimates in the paper
w xAB1 .
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3. PROOF OF LEMMAS 1 AND 2
 .Proof of Lemma 1. First we note that u x is radially symmetric and1
decreasing. It follows from the characterization of the first eigenfunction
as the minimizer of
< < 2 < < 2 < < 2nH =¨ q x q q x ¨ dx . .R
l s inf , 12 .1 2< < .  4¨gQ H _ 0 nH ¨ dxR
 .where Q H is the form domain of H, and from the well-known rear-
rangement inequalities
< < 2 < < 2=¨* dx F =¨ dx ,H H
n nR R
2 2 2G ¨* dx F G# ¨* dx F G¨ dx , .  .H H H
n n nR R R
 .  .where G* G# is the spherically decreasing increasing rearrangement of
 .G, respectively. The second inequality holds when G G 0 is decreasing
 w x. w xsee e.g., AB1 . By the Rayleigh]Ritz inequality for l RS , we have2
22 2< < < <H = Pu q x q q x Pu dx .  .  . .1 1
l F2 2H Pu dx .1
2 2 < < 2 2l HP u dx q H =P u dx1 1 1s 2H Pu dx .1
for every P satisfying HPu2 dx s 0. The last equality follows from1
< < 2 < < 2 2 2= Pu dx s =P u dx y u P Du dx .H H H1 1 1 1
2 2 < < 2 2 < < 2 2 2s l P u dx q =P u dx y x q q x P u dx. . .H H H1 1 1 1
Thus we obtain
< < 2 2H =P u dx1
l y l F 13 .2 1 2H Pu dx .1
2  .  .for every P satisfying HPu dx s 0. Hence, applying P x s x 1 F i F n ,1 i i
we get the desired estimate.
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 . y l1 r2 n. < x < 2Proof of Lemma 2. First we note that U x s e satisfies
2l1 2< <H U ' yDU q x U s l U 14 .1 1 /n
 .2 < < 2and hence the first eigenvalue for H s yD q l rn x is l .1 1 1
 .  ..  .2 < < 2  .  .. < < 2  .Put Q x s Q r s l rn x and Q x s Q r s x q q x ,1 1 1 2 2
< <  .   .  ..  2 2r s x . Then the assumption H.2 implies Q r y Q r 9 s 2 l rn y1 2 1
.  . 01 r y q9 r G 0 for every r ) 0, since l G l s n. We also note that1 1
strict inequality holds when q k 0. We may assume q k 0. So there are
three possibilities:
 .  .  .I Q r ) Q r for every r G 0;1 2
 .  .  .  .II there exists r ) 0 s.t. Q r - Q r for 0 F r F r , Q r )o 1 2 o 1
 .Q r for r F r ;2 o
 .  .  .III Q r - Q r for every r G 0.1 2
 .  .However, it is easy to see that the cases I and III do not occur. So we
 .only consider the case II .
 .LEMMA 3. For the case II , there exist positi¨ e constants k, K, and R s.t.
¨ s ku , V s KU,1 1 1
¨ 2 dx s V 2 dx ,H H1 1
¨ r F V r 0 F r F R , ¨ r G V r r G R . .  .  .  .  .  .1 1 1 1
Once we obtain this lemma we can complete the proof of Lemma 2 as
follows:
< < 2 2 < < 2 2x V y x ¨H H1 1
< < 2 2 2 < < 2 2 2s x V y ¨ dx q x V y ¨ dx .  .H H1 1 1 1
 < < 4  < < 4x FR x GR
F R2 V 2 y ¨ 2 dx q R2 V 2 y ¨ 2 dx s 0. 15 . .  .H H1 1 1 1
 < < 4  < < 4x FR x GR
Hence
Hu2 dx H¨ 2 dx HV 2 dx HU 2 dx1 1 1s F s .2 2 2 22 2 2 2< < < < < < < <H x u dx H x ¨ dx H x V dx H x U dx1 1 1
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 .Proof of Lemma 3. Step 1 We claim that there exists a positive
constant C s.t.0
u r F C U 0 F r F r , u r G C U r G r . 16 .  .  .  .  .1 0 o 1 0 o
 .  .First there exists a constant C ) 0 s.t. C U r s u r , r the number0 0 o 1 o o
 .which appears in II . For r G r , let W s C U y u . Then W satisfieso 0 1
yDW q Q r W q Q r y Q r u s l W , .  .  . .1 1 2 1 1
and hence
yDW q Q r W F l W . 17 .  .1 1
  . 4Suppose there exists a component V of the domain r ) r ; W r ) 0 .0
 .Multiplying 17 by W and integrating by parts on V, we have
< < 2 2 2=W q Q r W dx F l W . .H H1 1
V V
That is,
< < 2 2H =W q Q r W dx .V 1 F l . 18 .12H WV
On the other hand,
< < 2 2 < < 2 2nH =W q Q r W dx H =w q Q r w dx .  .V 1 R 1G inf2 2
nH W H w .  4wgQ H _ 0V R1
and the right-hand side has a unique minimizer U with the infimum l as1
 .we mentioned before. Hence, the equality must hold in 18 and it leads to
a contradiction. Thus W F 0, that is C U F u for r G r . For r F r ,0 1 o o
applying the same argument as that above for W s u y C U, we obtain1 0
 .  .  .W r F 0, that is, u r F C U r for r F r .1 0 o
 .  .  .Step 2 Set U r s C U r , with C the constant in Step 1. Here, we2 0 0
 . 5 5 2 5 5 2  . 5 5 2 5 5 2  . 5 5 2have three possibilities: 1 U s u ; 2 U - u ; 3 UL L L L L2 1 2 1 2
5 5 2) u .L1
 .  .  .For the case 1 , it is done. For the case 2 , let 1 G k be the infimum0
w xof k ) 0 such that, for every k9 g k, 1 , there exists R ) 0 satisfying
 .  .k9u F U 0 F r F R and k9u G U r G R . We claim that the following1 2 1 2
inequality holds:
2 2k u dx F U dx. 19 .  .H H0 1 2
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 .2 2  .If H k u dx ) H U dx, then there exist k g 0, k and R , R such0 1 2 2 0 1 2
that
2 2k u ) U , .H H2 1 2
 .  .  .and k u F U for r - R F r F R , k u R s U R j s 1, 2 . Let2 1 2 o 1 2 2 1 j 2 j
W s U y k u . By the same argument as that in Step 1 on the domain2 2 1
 < < 4V s R - x - R , since R ) r we have1 2 1 o
yDW q Q r W F l W , .1 1
and W G 0 on V / Rn. This implies W F 0, hence W ' 0. But this leads to
a contradiction to
yDW q Q r W q Q r y Q r k u s l W . .  .  .  . .1 1 2 2 1 1
 .2 2Therefore, we can conclude H k u dx F H U dx. Now there exists a0 1 2
w .constant k g k , 1 s.t.1 0
2 2k u dx s U dx , 20 .  .H H1 1 2
  .and k u F U 0 F r F R , k u G U r G R for some R ) 0.1 1 2 1 1 1 2 1 1
 .  .For the case 3 , we can argue as in the case 2 to get the conclusion.
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